MATH 2028 Honours Advanced Calculus II
2021-22 Term 1
Problem Set 11
due on Dec 6, 2021 (Monday) at 11:59PM

Instructions: You are allowed to discuss with your classmates or seek help from the TAs but you are required
to write/type up your own solutions. You can either type up your assignment or scan a copy of your written
assignment into ONE PDF file and submit through Gradescope on/before the due date. Please remember to

write down your name and student ID. No late homework will be accepted.

Problems to hand in

1. Compute the area of the surface in R* parametrized by

2 2, 2uw)

9(u,v) = (u, v, u
with (u,v) € R? satisfying u? +v? < 1.

2. Let Q C R? be the region bounded above by the sphere 22 +y? + 22 = a? and below by the plane
z = 0. Compute

2z dy ANdz 4 yz dz Adx + (2% 4y + 2°) dz A dy
o0
directly and by applying Stokes’ Theorem.

3. (a) Suppose M and M’ are two compact oriented k-dimensional submanifolds of R™ with bound-
ary, and suppose OM = OM’. Prove that for any (k — 1) form w, we have

/ dw:/ dw.
M I

(b) Use (a) to compute [,, dw where M is the upper hemisphere 22 + y* + 2% = a?, z > 0,
oriented with outward-pointing normal having positive z-component and

w= (234 32% —y) de + (32 + o+ 2%) dy + (2* + 9 + 2) dz.
Suggested Exercises

1. Check that the boundary orientation on ORE is (—1)* times the usual orientation on R¥~1.

2. Let C be the intersection of the cylinder 2 4+ y? = 1 and the plane 2z + 3y — z = 1, oriented
counterclockwise as viewed from high above the xy-plane. Evaluate

/yd:z—dey—i—xdz
C

directly and by applying Stokes’ Theorem.

3. Compute [-(y — 2) dz + (2 — x) dy + (z — y) dz where C is the intersection of the cylinder
22 +y? = a? and the plane 2+ 7 =1, oriented clockwise as viewed from high above the xy-plane.



4. Let C be the intersection of the sphere 22 + y? + 22 = a? and the plane x + y + z = 0, oriented
counterclockwise as viewed from high above the xy-plane. Evaluate

/2zd:):—|—3xdy—dz.
C

5. Let w = y? dy Ndz + 2% dz Adx + 2% de A dy, and M be the solid paraboloid 0 < z < 1 — z? — /2.
Evaluate [, ony w directly and by applying Stokes’ Theorem.

6. Let M be the surface of the paraboloid z = 1 —2% —4? > 0, oriented so that the outward-pointing
normal has positive z-component. Let F(z,y,z) = (222,3%2,2% + 3?). Compute [y F it do
directly and by applying Stokes’ Theorem.

7. Compute fM dw where M is the portion of the paraboloid z = z? + 32 lying beneath z = 4,
oriented with outward-pointing normal having positive z-component, and w = y dr+z dy+x dz.

8. Let M = {(x1, 72, 23,24) € R* : 22 + 23 + 23 < x4 < 1}, with the standard orientation inherited
from R%. Evaluate
/ (x325 + x4) dzy A dag A das.
oM

9. Let S be the portion of the cylinder 2 + y? = a? lying above the xy-plane and below the sphere
22+ (y —a)? + 2% = 4a?. Let C be the intersection of the cylinder and sphere, oriented clockwise
as viewed from high above the xy-plane.

(a) Evaluate [z do.
b) Use (a) to compute [~ y(z? —1) dz + 2(1 — 2?) dy + 22 d=.
C

10. Let C be the intersection of the sphere 2% 4+ y? + 22 = 1 and the plane = 4+ y + 2z = 0, oriented
counterclockwise as viewed from high above the zy-plane. Evaluate | c 23 ds.

Challenging Exercises

1. Let f:Q C R? = R be a smooth function whose graph is the surface S.

(a) Consider the area 2-form o on S given by

B 1 af of
o= 1—|—|Vf]2< 8$dy/\dz aydz/\d:c—l—alm/\dy).

Show that do = 0 if and only if f satisfies the minimal surface equation:
2 2 2 2 2
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(b) Show that for any compact oriented surface N C R3, we have

/N o < area(N)

and equality holds if and only if N is parallel to S.



(c) Suppose further that ON = 0S. Prove that area(S) < area(lN).

2. (a) Prove that a k-dimensional submanifold with boundary M C R" is orientable if and only if
there is a nowhere-zero k-form on M.

(b) Show that M is orientable if and only if there is a volume form globally defined on M.



